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Abstract. A central extension of £>Yft(gl 2 ) is proposed. The bosonization of level 
1 module and vertex operators are also given. 



1. Introduction 

m 
o 

A quantum algebra called Yangian was introduced in [Dr2] in connection with the 
rational solutions of quantum Yang-Baxter equation. The Yangian double T>Yn(g) 
Q\ ■ is a quantum double [Drl] of the Yangian. This algebra has been introduced in the 

kjT)! literature in terms of Chevalley generators [LS], T -matrix [BL] and Drinfel'd genera- 

tors [KT]. It has also applications to the massive integrable field theory [LS] , [S] , [BL] . 
In these works, DF^g) is defined as a deformation of the enveloping algebra of the 
loop algebra g[£,t _1 ], without central extension. In view of the development in lat- 
tice models [JM], it seems natural and useful to construct an algebra having highest 
weight modules and vertex operators. The purpose of this article is to define a central 
extension of Yangian double VYn(g) for g = g[ 2 ,sl2, which we again denote by the 
same symbol. We also present analogs of level 1 modules and vertex operators in 
bosonized form. 

We introduce DY^g^) by means of the quantum inverse scattering method, or 
{ RTT formalism' [BL],[RS],[RTF]. There is another important set of generators called 
Drinfel'd generators. The correspondence between T ± -matrix and the Drinfel'd gen- 
erators are known for Y/j(s[„) by [Dr3] and for quantized affine algebra U g (gl n ) by 
[DF]. Following the original argument [Dr3], we obtain the Drinfel'd generators of 
VYfr(g) for g = g^Sfa i n terms of currents (Theorem 2.1, Corollary 2.2). This recov- 
ers the result obtained in [KT] at level 0. We expect that such structures as highest 
weight modules and vertex operators for quantized affine algebras have natural coun- 
terpart for our algebra DY^g). Unfortunately, lacking an appropriate definition of 
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the grading operator d, we still do not know how to define highest weight modules. 
Nevertheless, with the aid of the Drinfel'd generators, we can construct explicitly an 
analogue of level 1 module J-^ s in terms of bosons (theorem 3.1) in a way parallel 
to the quantum affine version [FJ]. We also give an analogue of vertex operators 
(Theorem 3.2) acting on Ti jS , as certain intertwiners of "DY"^(g)-module and work out 
their commutation relations (Theorem 3.3). 

The text is organized as follows. In section 2 we define T>Yh(q) for q = Ql 2 ,si 2 
and gives its Drinfel'd generators. In section 3 we construct bosonization of level 
1 modules and vertex operators. Section 4 contains discussions and remarks. A 
detailed account including the higher rank case will appear elsewhere [IK]. 



2. The algebra VY h (gl 2 ) 



At level 0, there are several approaches to define the Yangian double VY h (sl 2 ) [LS],[BL],[KT]. 
Here we define a central extension of VY h (o) for q = gl 2 ,sl 2 following the method of 
[RS]. 

Let V be a 2-dimensional vector space and V G End(V <g> V) be a permutation 
operator Vv ® w = w <S> v (v, w G V). Consider Yang's i?-matrix normalized as 

R(u) = — ^— (ul + HV) e End(V ® V), 

where H is a formal variable. This i?-matrix satisfies the following properties: 
Yang-Baxter equation: 

R 12 (u - v)R 13 (u)R 23 (v) = R 23 (v)R 13 (u)R 12 (u - v), 

Unitarity: 

R 12 (u)R 21 (-u) = id. 

Here, if R(u) = Yl a i®bi with a iy bi G End(l / ), then R 2 \{u) = Ylbi® a>i, Rniu) = 
Ztti^l^bi etc.. Set A = C[[H}}. 

Definition 2.1. VY h (Q[ 2 ) is a topological Hopf algebra over A generated by {t^|l < 
i,j<2, k G Z} and c. In terms of matrix generating series 



^(U) = (*g(u))l< i>3 -<2, 



u- k -\ 
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the defining relations are given as follows: 



[T ± (u),c] = 0, 

12 2 1 

R{u - v)T ± (m)T ± (w) = T^T^u^u - v), 

12 2 1 

R{u- - v + )T + (u)T~(v) = T-{v)T + {u)R(u + - v.). 



Here 



T(u) = T(u) <g> id , T(u) = id <g> T(u), 
u± = u ± jhc and similarly for v. Its coalgebra structure is defined as 



2 ! i 

fc=i 

£ ( T± ( W )) = / , SCT±(u)) = ^(ti)]" 1 , 
A(c) = c <g> 1 + 1 ® c , e(c) = , S(c) = -c, 

where c± — c <g> 1 and c 2 = 1 <E> c. 

Note that the subalgebra generated by {t^\l <i,j<2, k e Z> } is lft(g( 2 ) [Dr2, 
Dr3]. 

We introduce the Drinfel'd generators of X>la(g( 2 ) exactly in the same way as in 
[Dr3]. Namely we define 

X + (u) = tUu-YHUu-) - ti 1 (u + )- 1 ti 2 (u + ), 
X~(u) = tt 1 (u + )tt 1 (u + )- 1 - tn(u-)tn(u-)-\ 
kf(u) = tf^u), kf(u) = t±(u) - tf^tf^uyHf^u). 

Notice that t^(u) have unique inverses as power series in h. The commutation rela- 
tions among X ± (u), kf(u), kf(u) can be written as follows. 
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Theorem 2.1. 



kf{u)kf{v) = kf(v)kf(u), kt{u)k-{v) = k-(v)k+(u), 



■u T — u± + h u± — v T + h 

kt(u)- l X+(v)kt(u) = U± ~ V _ + v h X+(v), 

kf(u)X-{v)kt{u)- 1 = UT ~ V + h X-(v), 

u T — V 

kHuy'x+^kfiu) = u± ~ v ~ h x+(v), 

u± — V 

ki{u)X-{v)kt{u)-' = UT ~ v ~ h x-(v), 

u T — V 



(u-vt h)X ± (u)X ± (v) = (u-v± h)X ± (v)X ± (u), 

[X + (u), X-(v)} = h{5(u_ - v + )k+(u_)k+(u_)- 1 - 5(u + - v_)k 2 (v_)k^(v_)- 1 ) 



here S(u — v) = J2 ke z, u k lyk 



To decompose VY h (Q\ 2 ) into two subalgebras VY h (sl 2 ) and a Heisenberg subalge- 
bra, we introduce the following currents: 



= kf{u + \h)kf{u + h)- 1 , K^u) = kf(u - \h)kt{u + h), 



E{u) = ±X+(u + \h) , F{u) = X -X-{u + \h). 



We define DY^s^) to be the subalgebra of "DY^g^) generated by H ± (u) , E{u) , F{u) 
and c. A Heisenberg subalgebra of DY^q^) generated by K ± (u) commute with all 
of the elements of DY^s^)- In terms of these generators, the above commutation 
relations can be rephrased as follows. 
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Corollary 2.2. 

[H ± (u),H ± (v)]=0, 

(u T -v± + h){u± -v T - t^H^H^iv) 
= (u T -v±- h)(u± -v T + tyH^^H^u), 
[K ± (u),K ± (v)} = 0, 

" " V+ ~ h K+(u)K-(v) = K~(v)K+(u) U+ ~ ' U 



u_ — v + + h 



u + — f _ + h 



u± — v — h 

u± — v + h 
u T — v — h 

u T — v + h 



E(v), 
F(v), 



[K a (u), H^(v)\ = [K°(u),E(v)\ = [K°(u),F(v)\ = V<x = ±, 
(u-v- h)E(u)E(v) = (u-v + h)E(v)E(u), 
(u-v + h)F(u)F{v) = {u-v- h)F{v)F{u), 

[E(u), F(v)\ = i {S(u_ - v + )H + (u_) - 5{u + - v_)H~(v_)} . 

To compare with the known results at c = [KT], let us write down the com- 
mutation relations componentwise. The Fourier components of the generating series 
H ± (u), E(u), F(u) are of the following form: 



H + (u) = 1 + hJ2 h k u~ k -\ H~(u) = 1 -hJ2h k u 



k-1 



k>0 



k<0 



E(u) = J2 e k u- k -\ F(u) = ]T f k u 



k-l 



For c = 0, the commutation relations of DF^jy in terms of the above Fourier 
component look simple as follows: 

[h k ,h{\ = 0, [h Q ,xf] = ±2xf, [xl,xj] = h k+l , 
[hk+i,xf] - [h k ,xf +1 ] = ±h[h k ,xf]+, 

[xk+ii x r\ ~ \ x ki x t+i\ = i^t^fc) x t ]+! 

for fc,IeZ, where we set x~l = e k , xj. = f k and [x, y\ + = xy + yx for x, y G T>Y h {s[ 2 ). 
These relations are the same as in [KT] with h — 1. The set {h k , x^\k e Z,> } provides 
the Drinfel'd generators of Y h (sl 2 ) [Dr3]. 
Let us set 

e ± (u) = \tUu T + h)-Hf 2 (u T + ±h), f ± (u) = l*±( u± + ^)tfi(«± + 



so that E(u) = E + (u) — E (u), F(u) = F + (u) — F (u). One can calculate the 
coproduct of the currents E H ± (u), K ± (u) and the results are the fol- 

lowing. 

Lemma 2.3. 

1) A(E ± (u)) = E ± {u) <g> 1 

k>0 2 

®E ± {uT\hc l ) k+ \ 

2) A(F ± (u)) = l^F ± (u) 

+ J2(- l ) k h 2k F ± (u±-hc 2 ) k+1 

®E ± (u±\hc-h) k H ± (u±), 

1 1 

<g> E ± (u± -hT -hdf^iu =f -hd), 

4) A(K ± (m)) = K±(u ± iftc 2 ) <g> ^(u =F hi Cl ). 

3. BOSONIZATION OF LEVEL 1 MODULE 

We expect that there is an appropriate definition of highest weight modules which 
can be regarded as deformation of their affine counterpart. At the moment, we have 
difficulty due to the lack of a proper definition of the grading operator d. Here we 
construct level 1 DF^jjy-module and vertex operators directly in terms of bosons. 

Let f) = Cei Q)Ce 2 be a Cartan subalgebra of $j[ 2 , Q = Za (a = E\ — e 2 ) be the root 
lattice of 5l2, Aj = Aj — Ao be the classical part of the z-th fundamental weight and 
(■, ■) be the standard bilinear form defined by (£i,£j) = Sij. Let us introduce bosons 
{a>i,k\i = 1,2, k G Z \ {0}} satisfying: 

[ai,k,aj,i] — kSijSk+ip. 

Set 

F it8 :=A[a j ,- k (j = l,2, k e Z >0 )] ® A[Q]e J ^ (^+«) (i = 0, 1), 
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where s is a complex parameter and A\Q\ is the group algebra of Q over A. On this 
space, we define the action of the operators a^, d £v e £j (j — 1, 2) by 



fe • / ® = 



%,fc, /] ® 



k < 
A; > ' 

for / <g> e' 3 G ^ 



Theorem 3.1. 27ie following assignment defines a VY h (Ql 2 ) -module structure on 
T 



kj~(u) I— > exp 
kj(u) i— > exp 



— X + ('u) i— > exp 

/ 1 



x exp 



-Ef{(«+^-(«4 fi )"' 



J2 ^{ u k -(u-h) k } + J2 ^{(u + h) k -u k ) 



k>0,r<j 

-E 



A: 



k>0,r>j 



k 



fc>0 ^ ^ fc>0 ^ ^ 



E 

fc>0 



Ol,fc — &2,k , 1 . _ fc 







9 a 
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X (u) I— > exp 



x exp 



fc>0 ^ ^ fc>0 ^ ^ 



E- 

fc>0 







u — -n 




4 



-d a 



Similar formulas are established for DY/^s^) by using one boson (k G Z) [IK]. 
We do not know how to characterize T^ s conceptually as r , F^(gl 2 )-module. 

Next we present the bosonization of type / and type II vertex operators. For this 
purpose, let us consider the evaluation module. Set 



V u = V <S>^A[u,u *], V = Aw + ®Aw_ 
7 



We define the VY h (gl 2 )-modu\e structure on V u as follows: 

ttct i \ V-U±H 
ti (V).W± = W± VO" = ±, 



v — u 

v — u — h 

v — u 



E(v).w+ = 0, 
E(v).w- = S(v — u)w+, 



F(v).w+ = S(v — u).W-, 
F{v).w^ = 0. 



Definition 3.1. Vertex operators are intertwiners of the following form: 

(i) (type /) = ^ — -Fi-M-i ® K, 

(ii) (type //) ^-^(u) : — >V U ® 



Set 



e=± 



e=± 



We normalize them as 

(i) (A u s-l\&l'°\u)\A ,s) = 1, (Ao,a- l|H 0,1) («)|Ai,a> = 1, 

(ii) (A 1 , a -l|*L 1>0) («)|A ,a> = l J (A ,a-l|*i ' 1) («)|A 1 ,a> = l, 

where we set |A i5 s) = 1 <g> e Sl+ f (ei+£2) . We mean by (Ai_j, s - i|$( 1_M) (u)|A i; s) the 
coefficient of |Ai_j, s — 1) of the element <&( 1-t,l )(u)|Aj, s), and similarly for ^'^(u). 
With the above normalization our vertex operators uniquely exist. By using Lemma 
2.3, we obtain the bosonization formula of these vertex operators as follows. 

Theorem 3.2 (Bosonization of vertex operators). 



$(_ 1_M) (u) = exp 



E 

fe>0 



exp 



-£2 



x e 

(1— / \ |7Ti(l — 



(«) = 

u) = exp 



u),fo\, 



E 

fc>0 



exp 



-r-(«+T») 

fc>0 h * 



x e 



u + -H) 



-1) 



1-i 



, («) = [*V 1 - ,f; («),eo]. 
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Let us set 

t A l \ Ul )i> {1 hl \u 2 )= S^ ,1 " i) («i)^" i,i) («2)^ 

£i,£2 

2 (*:!-*) 1 (!-»,») 

$ («2)$ k) = x; ^& 1_<) (w2)^s _M) («i) 

El, £2 

The commutation relations among vertex operators can be obtained from the above 
theorem. 

Theorem 3.3 (Commutation relation). 

2 ( 1 -M) ( u _|_ 1_i 2 

- u 2 )$ K)$ («2) = ( 1 ■ \ k J $ (u 2 )$ (Ui), 

^( Ml - M2 )^ ( ' ' ) (« 2 )= ( 7 ; ''J ) * K)> 

1 (»>!-») 2 (l-i>0 

V« 2 + 

We remark that all of the results obtained here are quite natural deformation of 
that in £/ g (s( 2 ) case [JM] except for the grading operator. 

4. Discussion 



Ui + 




M 2 + 




Mi + 




M 2 + 




Mi + 




u 2 + 





In this paper, we have constructed a central extension of Yangian double DY^q) for 
g = $j[ 2 ,s[ 2 . We also introduced the Drinfel'd type generators which are defined in 
[Dr3] for the Yangian lft(st 2 ). We obtained the bosonization of level 1 module and 
vertex operators of type / and type //. Using explicit expressions we also calculated 
their commutation relations. 

One of the important applications of X>Y^(s( 2 ) at level is F. Smirnov's theory 
[S] which states that the form factors in the Sine-Gordon theory satisfy deformed 
Knizhnik Zamolodchikov (d-KZ) equations. We expect that the correlation functions 
of the vertex operators satisfy the d-KZ equation at arbitrary level. For the lattice 
theory, like spin | YXX-model, the space of state of the model might be constructed 
by level 1 DY/^s l 2 )-module with its dual, just as in the case of spin \ XX Z-mode\ 
[JM]. 

From the mathematical point of view, it is interesting to define the central exten- 
sion of Yangian double DY^q) for an arbitrary simple finite dimensional Lie algebra 
0. We would like to know the Chevalley generators of DY^q). To establish the 
representation theory of VY^g), especially highest weight modules, we need the tri- 
angular decomposition and the grading operator d. we should describe the universal 
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1Z of VY h (o). We also have to establish an analogue of [FR]'s theory. Another 
question which seems important is to construct free field realization of our algebra 
and deformed Wakimoto-type module. We hope to discuss these problems in our 
forthcoming papers. 
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